Abstract. We present some convergence theorems for the HK-integral of functions taking values in a locally convex space. These theorems are based on the concept of HK-equiintegrability. We present three convergence theorems for HK-integral which are based on the notion of HK-equiintegrability of a sequence f n : S → V that converges pointwise to a function f : S → V in the standard topology or in the weak topology of the locally convex space V . These are Theorems 2
1. Introduction. We define the HK-integral of functions defined on a compact subinterval S of R m , m ≥ 1, and taking values in a locally convex space V . In the case of functions taking values in a Banach space, our definition is equivalent to [10, Definition III.2.2], and for the case when m = 1 and S = [0, 1], it is equivalent to [7, Definition 4] .
We present three convergence theorems for HK-integral which are based on the notion of HK-equiintegrability of a sequence f n : S → V that converges pointwise to a function f : S → V in the standard topology or in the weak topology of the locally convex space V . These are Theorems 2.1, 2.5 and 2.6. For functions taking values in a Banach space, our Definition 1.3 of HK-equiintegrability is equivalent to [10, Definition III.5.1] . This notion was first introduced in [6] for real valued functions and permitted the proof of a convergence theorem for a pointwise convergent sequence of HenstockKurzweil integrable functions (see also [1] , [10] , [3] , [4] and [2] ). Another convergence theorem of this sort for functions taking values in a complete locally convex space has been shown in [8, Theorem 5] .
The differences between Theorems 2.1, 2.5 and 2.6 consist in the completeness assumptions on V (sequential completeness, completeness and weak sequential completeness), and the topology on the space V (standard or weak). In Theorem 2.1 we assume that a sequence (f n ) converges pointwise to a function f in the standard topology of V (V is a sequentially complete locally convex space). In Theorems 2.5 and 2.6 we assume that [9, p . 144]), we deduce by [9, Theorem IV. 5 .5] that a reflexive locally convex space is weakly quasi-complete. Since a quasi-complete space is sequentially complete or semi-complete, a reflexive locally convex space is weakly sequentially complete. Consequently, there exist locally convex spaces that are weakly sequentially complete but not complete.
Throughout this paper, V is a locally convex space with its topology τ and topological dual V . By P we denote the family of all continuous seminorms in V ; for every p ∈ P , V p denotes the quotient vector space of V with respect to the equivalence relation x ∼ p y ⇔ p(x − y) = 0; the map φ p : V → V p is the canonical quotient map, thus φ p (x) is the equivalence class of x ∈ V with respect to "∼ p "; the quotient normed space ( V p , p) is called the normed component of V , where p(φ p (x)) = p(x) for each x ∈ V ; the Banach space (V p , p) which is the completion of ( V p , p) is called the
is the weak topology of V . It is easy to see that
For every p, q ∈ P such that p ≤ q, we define the map
where w p = φ p (x) for some x ∈ w q . Since for every y ∈ w q we have φ p (y) = w p , the map g pq is well defined. It is easily proved that g pq is a continuous linear map. We also define the map g pq : V q → V p as the continuous linear extension of g pq , for every p, q ∈ P such that p ≤ q. By lim ← − ((V p , p), g pq ), we denote the projective limit of the family {(V p , p) : p ∈ P } with respect to the mappings g pq (p, q ∈ P, p ≤ q). For the definition of the projective limit see [9, p. 52] .
Assume that a compact subinterval
be a set such that s i ∈ S and J i is a compact subinterval of S for i = 1, . . . , n; then D is called an HK-partition of S if:
is a finite sequence of pairwise non-overlapping intervals (i.e., with pairwise disjoint interiors).
A function δ : S → (0, +∞) is called a gauge on S; an HK-partition
where B(s i , δ(s i )) is the ball in R m centered at s i with radius δ(s i ), for i = 1, . . . , n. We set
where µ L is the Lebesgue outer measure in S. From Definition 1.1, we obtain Theorem 1.2 below. This theorem guarantees a simple and important relation between HK-integral in a locally convex space and HK-integral in the normal components of this locally convex space. Theorem 1.2. A function f : S → V is HK-integrable in V if and only if there exists a vector I f ∈ V such that for every p ∈ P the function φ p • f is HK-integrable in the normed component ( V p , p) and 2. Some convergence theorems for the HK-integral. In the first convergence theorem we assume that a sequence (f n ) converges pointwise to a function f in V with respect to the standard topology.
Theorem 2.1. Let V be a sequentially complete locally convex space. If a sequence (f n ), where f n : S → V , is HK-equiintegrable in V and converges to a function f : S → V in V , then f is HK-integrable in V and
Proof. The sequence (f n ) converges to f in V if and only if for each p ∈ P the sequence (
By Definition 1.3, for each p ∈ P the sequence (φ p •f n ) is HK-equiintegrable in the Banach component (V p , p).
Thus, for each p ∈ P the conditions of Theorem III.5.2 in [10] are satisfied. Hence, for each p ∈ P the function φ p • f is HK-integrable in the Banach component (V p , p) and
According to Theorem 1.2 we have
for each n ∈ N and p ∈ P . Therefore, for each p ∈ P the sequence (φ p ((HK) S f n )) is a Cauchy sequence in ( V p , p). Hence ((HK) S f n ) is a Cauchy sequence in the sequentially complete locally convex space V and so it converges to I f ∈ V in V . By (2.1), this implies that
for every p ∈ P . Consequently, by Theorem 1.2, the function f is HK-integrable in V and lim
In Theorems 2.5 and 2.6 below we assume that (f n ) converges pointwise to f in V with respect to the weak topology σ(V, V ). The following lemmas prepare the proof of Theorem 2.5. Proof. Let Q be the family of all continuous seminorms in L. Let q be an arbitrary element of Q. Since T is a continuous linear function, for a given > 0 there exist p ∈ P and > 0 such that
According to Definition 1.1, there exists a gauge δ (p) on S such that
for every such D. Because of the arbitrariness of q the function T (f ) is HK-integrable in L and (HK)
In the next lemma, (X, · ) is a Banach space, X is its topological dual and B(X ) is the closed unit ball in X . Lemma 2.3. If the sequence of functions f n : S → X is HK-equiintegrable in (X, · ) and converges to f : S → X in the weak topology σ(X, X ), then f is HK-integrable in (X, · ) and Proof. According to the definition of HK-equiintegrability in Banach spaces, for a given > 0 there exists a gauge δ on S such that
for every HK-partition D of S such that D δ and for all n ∈ N. According to Lemma 2.2, for every x ∈ X the inequality
holds for every D as above and for all n ∈ N. Therefore, for every x ∈ X the sequence (x (f n )) is HK-equiintegrable in (R, |·|). Thus, for every x ∈ X this sequence is HK-equiintegrable in (R, | · |) and converges to x (f ) in (R, | · |). Then, according to [ 
